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In this paper, a gradient-enhanced 3-D phenomenological model for shape memory alloys using the
non-local theory is developed based on a 1-D constitutive model. The method utilizes a non-local ﬁeld
variable in its constitutive framework with an implicit gradient formulation in order to achieve results
independent of the ﬁnite element discretization. An efﬁcient numerical approach to implement the
non-local gradient-enhanced model in ﬁnite element codes is proposed. The model is used to simulate
stress drop at the onset of transformation, and its performance is evaluated using different experimental
data. The potential of the presented numerical approach for behavior of shape memory alloys in
eliminating mesh-dependent simulations is validated by conducting various localization problems. The
numerical results show that the developed model can simulate the observed unstable behaviors such
as stress drop and deviation of local strain from global strain during nucleation and propagation of
martensitic phase.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Shape memory alloys (SMAs) are extensively used in various
areas such as automotive engineering, aerospace, robotics, and
medicine indebted to their two important characteristics of shape
memory effect (SME) and pseudoelasticity (PE). These unusual
behaviors arise from the martensitic transformation between a
high-temperature austenite phase and a low-temperaturemartens-
ite phase involving a change in crystalline symmetry (Lagoudas,
2008). Many efforts have beenmade in order to simulate the behav-
ior of SMAs. Constitutive models can be divided into macroscopic
and micromechanical approaches, and the macroscopic ones can
be generally classiﬁed into thermodynamically consistent and
phenomenological models. In phenomenological models, the phase
evolution functions and transformation conditions are determined
empirically. Different constitutive models have been so far devel-
oped by considering different evolution equations for phase
fractions. The exponential model proposed by Tanaka et al. (1995,
1996) and the cosine type model proposed by Liang and Rogers
(1990) are the pioneer ones. Based on the Liang and Rogers’s model,
Brinson (1993) developed a cosine type model to capture SME
and PE by separating the martensite volume fraction into the
temperature-induced and the stress-induced parts. Buravalla andKhandelwal (2011) proposed some modiﬁcations to the transfor-
mation function of the Brinson model to capture history effects
and path dependency of SMA behavior under arbitrary thermome-
chanical loadings. Thermodynamics-based models are usually
developed on the basis of a free energy functionwhere themartens-
itic volume fraction is controlled by a driving force for the transfor-
mation (Chemisky et al., 2011; Bo and Lagoudas, 1999; Lagoudas
and Bo, 1999).
Many other approaches have been suggested in order to model
three dimensional behaviors of SMAs under proportional and
nonproportional loadings. Deviation from normality rule under
nonproportional loading is one of the important challenges model-
ing the SMA behaviors (Lim and McDowell, 1999). Peng et al.
(2001) proposed generalized effective stress and strain for model-
ing SMA responses under nonproportional loading. Bouvet et al.
(2004) suggested a non-associated ﬂow rule for transformation
surface to capture martensite reorientation under nonproportional
loadings. Arghavani et al. (2010) illustrated that decomposition of
inelastic strain into transformation and reorientation strain is an
alternative method for modeling martensite reorientation. Numer-
ical and experimental efforts were conducted to investigate the
martensitic reorientation by Pan et al. (2007). They developed a
constitutive model based on ﬁnite deformation kinematics and
isotropic metal plasticity theory. A crystal-mechanics-based con-
stitutive model for martensitic reorientation and detwinning for
shape-memory materials was developed by Thamburaja (2005).
Nomenclature
u displacement
T temperature
lc internal length parameter
~t traction vector
f, r transformation and hardening functions
rcrts , rcrtf critical stresses for the start and ﬁnish of detwinning
CA, CM slopes of the transformation strips in phase diagram
r, rN , rP nominal, nucleation and propagation stresses
n, ns, nT , ~n total, stress-induced, twinned and non-local mar-
tensite volume fractions
re, rt; S effective, transformation and deviatoric stresses
D, DM , DA nominal, martensite and austenite elastic moduli
e, ee, et , eL total, elastic, transformation and maximum recover-
able strains
Ms,Mf , As, Af martensite start, ﬁnal, austenite start and ﬁnal tem-
peratures
4Cuu, Cu~n, C~nu, C~n~n consistent tangent operators
Nu, N~n, Bu, B~n displacement and non-local shape function matri-
ces and their derivatives
Kuu, Ku~n, K~nu, K~n~n stiffness matrices
f extu , f
int
u external and internal load vectors for the displacement
ﬁeld
f int~n internal load vector for the non-local variable ﬁeld
m, G, K Poisson’s ratio, shear and bulk moduli
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another class of modeling which naturally satisﬁes deviation from
normality rule (Brocca et al., 2002; Kadkhodaei et al., 2007, 2008;
Mehrabi and Kadkhodaei, 2013).
All the aforementioned approaches have been developed based
on the local continuum models to predict various responses of
SMAs under different loading conditions. However, the localization
phenomena and softening have not been considered by these mod-
els. The stress-induced phase transformations between austenite
to martensite lead to inhomogeneous deformations. Experimental
responses of SMAs, especially NiTi alloys, under uniaxial loading
have shown that the required stress for nucleation of martensite
in a region of parent phase is clearly higher than that required to
propagate the phase front. In a contrary manner, the nucleation
stress of austenite phase in a region of martensite is lower than
the required stress to continue the transformation (Shaw and
Kyriakides, 1997; Hallai and Kyriakides, 2013). After that, at a lim-
ited level of softening process, there are considerable displacement
jumps in the zone of localization so that strain localization may
occur (Iadicola and Shaw, 2002; Churchill et al., 2009). In this sit-
uation, ﬁnite element solutions are limited to a band of ﬁnite num-
ber of elements, called a shear band or necking region, so that the
localization process is controlled by the mesh size. Consequently,
numerical results of the standard constitutive models exhibit
strong dependency on the mesh density. Therefore, the amount
of material which softens is controlled by the numerical procedure
and not by the physics of the problem (Engelen et al., 2003). These
types of problems can be solved by incorporating a small scale size
in the numerical simulation process (Dorgan and Voyiadjis, 2006).
Shaw and Kyriakides (1998) represented the continuum-level
plasticity approach with a special effective stress and effective
strain to be able to capture many aspects of the localized deforma-
tion ﬁelds observed during unstable stress-induced transformation
in NiTi ﬁlms under uniaxial loadings. Their results showed that, for
the isothermal case, mesh sensitivity was seen in the details of the
neck proﬁle when reﬁning in-plane mesh. Shaw (2000) proposed
an extended version of this model to include thermal interactions
between a mechanically loaded NiTi specimen and its environment
to study the non-isothermal response at higher loading rates. Using
ﬁnite element simulations, he showed that the extended model
can demonstrate the nucleation and propagation phenomena as
well as the thermomechanical interactions seen in a pseudoelastic
NiTi shape memory alloy. By employing the extended version of
the temperature-dependent up-down-up elastoplastic constitutive
model, Iadicola and Shaw (2004) continued this numerical study
for a wider range of loading rates and ambient thermal conditions
to investigate the trends of localized nucleation and propagation
phenomena. Shaw (2002) and Chang et al. (2006) proposed aone-dimensional thermomechanical model including an internal
variable and strain gradient effects in order to model phase
nucleation and propagation, phase transformation softening, and
thermomechanical couplings. They showed that such a strain gra-
dient approach avoids the singularity in the equilibrium equation
as the local tangent modulus changes sign at the onset of the trans-
formation and softening behavior. Moreover, it removes the possi-
bility of discontinuous strain ﬁelds that could lead to mesh
dependency in ﬁnite element simulations.
Non-local modeling is an effective tool for removing localization
and mesh sensitivity of ﬁnite element solutions in the presence of
softening by capturing small-scale deviations from local continuum
models. Some efforts have beenmade in order to incorporate unsta-
ble behaviors of SMAs in constitutive equations and numerical sim-
ulations. Thamburaja and Nikabdullah (2009) and Thamburaja
(2010) proposed a non-local gradient energy together with a cou-
pled thermomechanical model for SMAs. Using this non-local
model, they showed that the model is able to track the position of
the phases interface. Also, their results indicate that the non-local
gradient energy can reduce the effects of mesh size on the ﬁnite
element simulations. However, their model could not capture soft-
ening behavior. Based on a local micromechanical constitutive
model, Duval et al. (2011) developed a non-local model using an
implicit gradient enhanced non-local formulation for the pseudo-
elastic behavior of SMAs. They deﬁned an exponential type function
of non-local variable in order to reduce the critical transformation
force limit and to capture softening phenomenon. Using numerical
simulations, they stated that the extended version of their local
model can predict softening phenomenon. Sun and He (2008,
2009) proposed a 1-D model based on non-convex and non-local
strain energy with three length scales incorporated in the model
to take the specimen size, grain size, and interface thickness of a
polycrystalline into account to investigate the unstable phenom-
ena, softening, and hysteresis in an isothermal phase transition
process.
In this paper, a multi-dimensional non-local model is developed
as an extension of the existing 1-D phenomenological local model
proposed by Brinson (1993). Based on the gradient plasticitymodel,
in which the non-local variable is deﬁned as the solution of a
Helmholtz type differential equation, a non-local implicit gradient
enhanced model is utilized to capture unstable behaviors of SMAs
under tensile loading. The proposed model is capable of predicting
softening, propagating neck, and deviation of local strain from glo-
bal strain during the forward phase transformation. Based on the
implicit radial return scheme, a robust integration scheme is pro-
posed using which the model is implemented in ABAQUS commer-
cial ﬁnite element code through a user element subroutine (UEL).
The present approach is validated using the available experimental
Fig. 1. Stress–temperature phase diagram.
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ﬁnite element simulations represent that the inherent mesh
sensitivity of the numerical simulation in the presence of softening
phenomenon can be removed. This is a signiﬁcant advantage while
using the gradient-dependent model. Finally, various material
instabilities of SMAs such as softening and divergence of local–
global strain are simulated using the proposed non-local model.
2. Constitutive equations
2.1. 1-D Brinson model
Brinson (1993) developed a 1-D phenomenological model,
according to which the stress–strain relation is stated as,
r ¼ DðnÞðe eLnsÞ ð1Þ
where e is total strain, eL is the maximum recoverable strain, n is the
total martensite volume fraction, and ns is the stress-induced mar-
tensite volume fraction. DðnÞ is the elastic modulus whose amount
is calculated using the Voigt scheme in the form of:
DðnÞ ¼ DA þ nðDM  DAÞ ð2Þ
in which DA and DM are austenite and martensite elastic moduli,
respectively. Trigonometric functions for evolution of the martens-
ite volume fractions were developed by Brinson (1993) as follows.
For T > Ms and rcrts þ CmðT MsÞ < r < rcrtf þ CmðT MsÞ,
nS ¼
1 nS0
2
cos as r rcrtf  CmðT MsÞ
h in o
þ 1þ nS0
2
nT ¼ nT0 
nT
1 nS0
ðnS  nS0Þ
ð3Þ
For T < Ms and rcrts < r < rcrtf ,
nS ¼
1 nS0
2
cos as r rcrtf
h in o
þ 1þ nS0
2
nT ¼
1nS
1nS0 nT0 þ
1nT0
2 cos
p
MsMf ½T Mf 
 
þ 1
n o
If Mf < T < Ms and T < T0
1nS
1nS0 nT0
8><
>>: ð4Þ
For T > As and CAðT  Af Þ < r < CAðT  AsÞ,
ns ¼
ns0
2
cos aA T  As  rCA
  
þ 1
 	
nT ¼
nT0
2
cos aA T  As  rCA
  
þ 1
 	 ð5Þ
where,
aA ¼ pAf  As
as ¼ prcrts  rcrtf
ð6Þ
ns0 and nT0 represent the detwinned and twinned martensite vol-
ume fractions prior to the current transformation, respectively.
Referring to Fig. 1, rcrts and rcrtf are the critical stresses for the start
and ﬁnish of detwinning, and CA and CM are the slopes of the trans-
formation strips.
2.2. 3-D model
In this section, the 1-D model is extended to the case of multi-
axial proportional loadings based on the general associated plastic-
ity and isotropic hardening by introducing an effective stress.
Under the small strain theory, the classical decomposition of strain
into elastic and transformation portions is used as follows,e ¼ ee þ et ð7Þ
where the superscripts ‘‘e’’ and ‘‘t’’ respectively indicate the
elastic and transformation parts. Based on the characteristic of
the martensitic transformation in SMAs, it is assumed that the
incompressibility condition holds true for the transformation
strains i.e.,
detx þ dety þ detz ¼ 0 ð8Þ
Moreover, the normality rule is employed for proportional load-
ing paths as,
det ¼ dns  eL  ðdf=drÞ ð9Þ
in which f is the transformation surface. In other words, the
direction of the transformation strain rate is perpendicular to the
transformation surface. Based on the assumption of plasticity with
regard to the isotropic hardening rule, the transformation surface
for the von Mises criterion can be deﬁned as,
f ¼ re  rtðnÞ ð10Þ
where re is the equivalent von Mises effective stress,
re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2ð ÞS : S
p
ð11Þ
in which S is the deviatoric stress tensor. rtðnÞ is the transfor-
mation stress,
rtðnÞ ¼ rt0 þ r ð12Þ
where rt0 is the critical limit of transformation and r is the
hardening function. Based on the transformation kinetics, Eqs.
(3)–(5), rt0 and r are extracted. For example, if T >Ms and
nT0 ¼ ns0 ¼ 0,
r¼rcrtf þCmðTMsÞþ
cos1ð2nS1Þ
as
! r¼r
crt
s þCmðTMsÞ if nS ¼0
r¼rcrtf þCmðTMsÞ if nS ¼1
(
ð13Þ
After some manipulations,
rt0 ¼ rcrts þ CmðT MsÞ
r ¼ cos1ð2nS1Þpas
(
ð14Þ2.3. Coupled model
A speciﬁc choice for the non-local variable should be done
based on the experimental observation of SMA behaviors. Unstable
Fig. 3. Comparison between the numerical results of the proposed model without
strain softening and those reported by Brinson (1993) at 60 C.
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between austenite and martensite begins. In this work, non-local
counterpart of the total martensitic volume fraction is used in
the constitutive equations. The implicit gradient approximations
can be utilized to incorporate a length scale into the local model.
To predict typical behaviors of SMAs, after elastic response, the
stress–strain curve has two sections: the ﬁrst one starts at the
onset of the transformation from a nucleation peak initiated as
rN and continues to the steady-state stress which includes the
work softening. The second portion covers the stress plateau at
rP during propagation of the phase front (Fig. 2). In order to simu-
late this type of ﬂow stress curve, using the above-mentioned non-
local variable, the transformation function is modiﬁed to
f ¼ re  rtðnÞ wð~nÞ ð15Þ
in which ~n is the non-local total martensitic volume fraction. The
non-local methods consist in replacing a speciﬁc variable by its
non-local counterpart obtained by weighted averaging over a spa-
tial neighborhood of each point. From the micromechanical and
physical point of view, the phase transformations between austen-
ite to martensite leads to various unstable behaviors in SMAs.
Therefore, initiation of the transformation and amount of the mar-
tensite phase, control these unstable behaviors. In this situation, a
possible choice of the non-local variable for the proposed model
is total martensitic volume fraction. In relation (15),
rtðnÞ ¼ CmðT MsÞ þ r ð16Þ
wð~nÞ ¼ rcrts expðb~nÞ ð17Þ
where b is a material parameter which controls the softening rate.
In the course of transformation, the amount of stress depends on
both local variables and the corresponding non-local quantities.
The softening is induced by the term wð~nÞ, which reduces the trans-
formation stress and depends on the non-local total martensitic
volume fraction that increases from 0 at the beginning of the trans-
formation to 1 when the material is fully martensite. In contrary to
softening in slip plasticity, the amount of stress drop for a shapeSection 2 
Strain
Transformation part 
Section 1 
Fig. 2. Schematic of the stress–strain response of an SMAs in tension.
Table 1
Necessary model parameters extracted from the experimental results (Brinson, 1993; Cha
Set No. (GPa) DA (GPa) DM m CM (MPa/C) rscr (M
1 Brinson (1993) 67.0 26.3 0.3 8.00 100
2 Chang et al. (2006) 60.0 32.7 0.3 6.10 94
3 Sittner et al. (2009) 41.0 21.1 0.3 5.20 45memory alloy is limited. After softening, stress is increased slowly
by simultaneously increasing both strain and total martensite vol-
ume fraction. The speciﬁc deﬁnition of transformation surface
explained by Eq. (15) is adapted to capture both local softening
and hardening behaviors.
3. Finite element implementation
3.1. Weak form
In this section, spatial discretization of the coupled problem by
a mixed ﬁnite element method is described. The Helmholtz impli-
cit gradient equation of the non-local variable and the classical
equilibrium condition (neglecting body force) are the two ﬁelds
of the mixed ﬁnite element as follows,
rr ¼ 0 ð18aÞ
~n cr2~n ¼ n ð18bÞ
where c ¼ l2=2 in which l is the internal length parameter. This
parameter is needed to regularize the localization of deformation
and must be related to the characteristic microstructural scale.
However, it is not directly derivable from elementary experimental
tests. Some methods for the measurement of the characteristic
length in damage mechanics were suggested by Bazant and
Pijaudier-Cabot (1989) and Geers et al. (1999). The parameter can-
not be accurately estimated from just a global mechanical response.
However, if additional information in the form of local deformations
is supplied, more accurate estimation can be achieved. In addition,
the veriﬁcation of this local behavior provides a method to evaluate
the non-local parameters. Hence, for shape memory alloys, the local
veriﬁcation of the transformation strain ﬁelds, which is a good mea-
sure for the local phase transformation, together with microstruc-
tural observation may provide powerful possibilities to determine
the length scale parameter. The associated boundary conditions are,
r ~nCt ¼~t on Ct ð19aÞ
r~n ~nC ¼ 0 on C ð19bÞng et al., 2006; Sittner et al., 2009).
Pa) rfcr (MPa) e
 Ms (C) Af (C) b l2c (mm)
170 0.067 18.4 49.0 100 0.00025
110 0.056 50 13.0 500 0.00025
65 0.060 70 0.4 350 0.00025
Fig. 4. Comparison between structural stress–strain responses predicted by the
proposed model and experimental results by (a) Chang et al. (2006) at the
temperature of 50 C and (b) Sittner et al. (2009) at two different temperatures.
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provided in Peerlings et al. (2001). The non-local total martensitic
volume fraction is a spatially averaged quantity of the total
martensitic volume fraction. Also, based on the homogeneous
boundary condition (19b) in combination with the Eq. (18b), the
integral of the total martensitic volume fraction over entire domain
is equal to the integral of the non-local total martensitic volume
fraction over entire domain, which physically means that the total
quantity of martensite is the same for local and non-local formula-
tions. In addition, the local martensitic volume fraction equals the
non-local counterpart for homogenous deformations.
The weak form of equilibrium equations is obtained by multi-
plying them by a variation of the displacement ﬁeld du followed
by integrating. Using natural boundary conditions and integrating
by part followed by applying Green’s formula, Eq. (18a) can be
transformed toZ
X
deTrdX ¼
Z
C
duT~tdC ð20ÞFig. 5. Geometry and boundary conditionsWith the aid of the divergence theorem and natural boundary con-
dition (19b), the weak form of the Helmholtz Eq. (18b) can be
described as,Z
X
d~n:~ndXþ
Z
X
ðrd~nÞT :cr~ndX ¼
Z
X
d~n:ndX ð21Þ
The weak forms (20) and (21) must be linearized. Consequently,
increments of the primary ﬁelds from iteration number i to i + 1 for
Newton–Raphson incremental iterative solution must be intro-
duced. For the proposed model, dr and dn can be expressed in
terms of variation of the total strains de and variation of the non-
local total martensitic volume fraction d~n by using the variations
derived from the linearization process below:
dr ¼ 4Cði1Þuu : deþ Cði1Þu~n d~n
dn ¼ Cði1Þ~nu : deþ C
ði1Þ
~n~n
d~n
ð22Þ
in which the fourth order tensor 4Cði1Þuu and the second order tensors
Cði1Þ
u~n
, Cði1Þ~nu , and C
ði1Þ
~n~n
are consistent tangent operators derived in
Appendix A. Substitution of Eq. (22) into relations (20) and (21)
yields the following linearized weak form of the two-ﬁeld
equations,Z
X
deT : 4Cði1Þuu : de
 
dXþ
Z
X
deT : Cði1Þ
u~n
d~n
 
dX
¼
Z
C
duT~tdC
Z
X
deTrði1ÞdX ð23Þ

Z
X
d~nCði1Þ~nu : de
 
dX
þ
Z
X
d~n 1 Cði1Þ~n~n
h i
d~nþ cðrd~nÞT  rd~n
 
dX
¼
Z
X
d~n  nði1ÞdX
Z
X
d~n  ~nði1Þ þ cðrd~nÞT  r~nði1Þ
h i
dX ð24Þ3.2. Discretization
The integral expressions (24) and (25) can be converted into
algebraic equations using suitable interpolation functions. Due to
the presence of the ﬁrst order derivative of the non-local variable
and displacement ﬁeld in the weak forms, interpolation functions
have to be C0 continuous. The following interpolation is taken:
u ¼ Nuue; ~n ¼ N~n~ne
e ¼ Buue; r~n ¼ B~n~ne
ð25Þ
where Nu and N~n are the shape function matrices for the displace-
ment ﬁeld and non-local variable ﬁeld, and Bu and B~n are matrices
containing derivatives of the shape functions Nu and N~n, respec-
tively. Using the discretization relations given by Eq. (27), the weak
form of the two-ﬁeld formulation deﬁned by Eqs. (24) and (25) are
rearranged as follows,Z
X
BTu
4Cði1Þuu Bu
 
duedXþ
Z
X
BTuC
ði1Þ
u~n
N~n
 
d~ndX
¼
Z
C
NTu~tdC
Z
X
BTur
ði1ÞdX ð26Þfor a plane strain specimen in tension.
Fig. 6. The evolution of the non-local martensitic volume fraction in the plane strain specimen at different displacements (a) 0.66 mm (b) 1.00 mm and (c) 1.41 mm.
Fig. 7. Responses of specimen under uniform tension: (a) local strain vs. global strain, (b) reaction force vs. global strain.
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Z
X
NT~nC
ði1Þ
~nu
Buue
 
dX
þ
Z
X
NT~n 1 Cði1Þ~n~n
h i
N~n þ cBT~nB~n
 
d~nedX
¼
Z
X
NT~nn
ði1ÞdX
Z
X
NT~nN~n þ cBT~nB~n
h i
~nði1ÞdX ð27Þ
Eqs. (28) and (29) can be re-written in a compact fashion as,
Kuu Ku~n
K~nu K~n~n
" #
due
d~ne
 
¼ f
ext
u  f intu
f int~n
" #
ð28Þ
in which,
Kuu ¼
Z
X
BTu
4Cði1Þuu Bu
 
dX ð29Þ
Ku~n ¼
Z
X
BTuC
ði1Þ
u~n
N~n
 
dX ð30ÞK~nu ¼ 
Z
X
NT~nC
ði1Þ
~nu
Bu
 
dX ð31Þ
K~n~n ¼
Z
X
NT~n 1 Cði1Þ~n~n
h i
N~n þ cBT~nB~n
 
dX ð32Þ
f intu ¼
Z
X
BTur
ði1ÞdX ð33Þ
f extu ¼
Z
C
NTu~tdC ð34Þ
f int~n ¼
Z
X
NT~nn
ði1ÞdX
Z
X
NT~nN~n þ cBT~nB~n
h i
~nði1ÞdX ð35Þ
The element stiffness matrix, that is determined based on the above
linearized equations, becomes non-symmetric. A Newton–Raphson
method must be utilized to determine the incremental update of
the unknown variables.
Fig. 8. Boundary conditions and dimensions of a 2-D SMA plate in tension.
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The proposed constitutive model is implemented into the
commercial ﬁnite element code ABAQUS through a user element
subroutine in which both stiffness matrices and nodal force vectors
have to be deﬁned. Integration algorithm, which is done by an
implicit scheme based on the return mapping method, is described
in Appendix B. In the following numerical simulations, solutions
are determined using 4-node quadrilateral elements for discretiza-
tion of the displacement and non-local variables, and full integra-
tion is used. In order to examine the results of the ﬁnite element
simulation, stress–strain behavior determined by the proposed
model are compared with the available experimental and numeri-
cal results in the literature. The material parameters are deter-
mined from experimental results by Brinson (1993), Chang et al.
(2006) and Sittner et al. (2009) for different NiTi wires and are
summarized in Table 1.Fig. 9. Distributions of the local total martensite volume fraction in the SMA holed specim
(b) 416 elements (c) 1601 elements.Using the ﬁrst set of the material parameters, if b = 0, stress–
strain curves without softening can be modeled. This way, the
non-local formulation is exactly the same as the Brinson model.
Comparison of the numerical results obtained from the proposed
model, when b = 0, and those reported by Brinson (1993) is illus-
trated in Fig. 3. As is seen, results of the two approaches coincide
well according to the mentioned expectation.
Fig. 4a and b are provided for comparing simulation results of
the proposed approach with the experimental ones reported by
Chang et al. (2006) and Sittner et al. (2009), respectively, under
simple tensile test where forward transformation occurs. In these
ﬁgures, material deforms uniformly until the initiation of transfor-
mation. At the onset of transformation, where the deformation
becomes unstable, the magnitude of the stress drops from the
nucleation stress to the propagation stress. In fact, the high-strain
martensitic phase nucleates from the low-strain parent phase
domain (He and Sun, 2009). After this transient instability, transfor-
mation continues at the propagation stress. As is seen, reasonable
agreements exist between the numerical and empirical ﬁndings
indicating abilities of the present implicit non-local model in pre-
dicting 1-D unstable responses of SMA under tensile loading. In
the numerical results, the amount of stress drop is ﬁtted by tuning
b, which controls the softening rate in the local constitutive law. It
should be noted that the local stress–strain response is softening
with no stress drop or stress–plateau while both these two phe-
nomena exist in the structural response. Fig. 4 shows that the pro-
posed model is able to capture these details in the structural
response with the use of a softening local response. Moreover,
although geometric defects cause the trigger of localized deforma-
tions, the present approach can capture stress drop in the structural
response even without any defect. However, in order to capture
other unstable behaviors such as phase propagation and deviation
of the local strain from the global one, defects and localized defor-
mations are necessary to be directly taken into account. These are
investigated in the rest of this article.
As described by Churchill et al. (2009), when an SMA specimen
in loaded, the high strain product phase becomes thinner than theen at the temperature of 60 C and the displacement of 4.2 mm for (a) 196 elements
Fig. 10. Distributions of the non-local total martensite volume fraction in the SMA holed specimen at the temperature of 60 C and the displacement of 4.2 mm for (a) 196
elements (b) 416 elements (c) 1601 elements.
Fig. 11. Effect of elements number on the non-local variable proﬁle (a) the path of
the non-local variable (b) evolution of non-local martensitic volume fraction for
four different numbers of the elements.
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isochoric. Accordingly, a necking phenomenon may be considered
in the place where transformation initiates and a transformation
front propagates. In other words, to assign the martensite nucle-
ation to a desired position in an SMA specimen, a geometrical
imperfection may be imposed there. Fig. 5 illustrates geometry
and boundary conditions of a 2-D specimen under plane strain
uniaxial tension. A reduction of 0.5% of the width in the left side
is considered to trigger the phenomenon of localization in this
zone and to study the local deformation and phase propagation
in such an SMA sample. Shown in Fig. 6 are the contour plots of
the non-local total martensitic volume fraction during forward
transformation at different displacements. As is seen, at the onset
of the transformation (Fig. 6a) and at the phase transformation
front, dynamic events occur and the specimen becomes thinner.
As described by Chang et al. (2006), as a matter of fact, a phase
transformation front is a propagating neck (Fig. 6b and c). Fig. 6
shows that the nucleation and propagation phenomena can be
simulated by the proposed non-local gradient model.
In the simple tensile test of SMAs, deviation of local (gauge)
strain (measured by an extensometer or a strain gauge) from global
strain (determined based on displacements of the gripper) is
another aspect of the material instability according to the experi-
mental studies (Churchill et al., 2009). For ordinary materials, the
local and global strains are expected to be overlaid each other so
that variation of one of which with the other in a local strain-global
strain plane simply traces the bisector as a line with the slope of
45. Fig. 7a exhibits that local strain deviates from the global one
for the specimen with geometrical imperfection described in
Fig. 5. At the onset of transformation at point A, local strain
increases more rapidly than the global strain which is accompa-
nied by a sudden drop of reaction force (Fig. 7b). Afterward,
between points B and C, global strain increases while local strain
remains constant. Before transformation as well as after complete
phase transition in tension, deformations in the specimens are
homogeneous so that the stress is a monotonic increasing function
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trace a 45 line. As soon as the transformation starts (point A),
the abrupt decrease of reaction force and a ﬁnite-length neck with
strong strain gradients occur simultaneously.
Due to the incorporation of non-local variable in the loading
functions, a mesh-independent solution has been found. As men-
tioned before, the non-local implicit gradient theory heavily mini-
mizes the effect of mesh density. As shown in Fig. 8, a rectangular
specimen with a circular geometrical imperfection under uniform
displacement boundary conditions and the plane strain assump-
tion is used to investigate effects of localization limiter provided
in the proposed non-local model for different mesh densities in
the presence of local deformation. In order to illustrate the mesh
dependency of a local model, the length scale in the gradient
enhanced model is set to zero. Fig. 9a shows the contour plot of
the local total martensite volume fraction for the simple tension
test of the specimen with 196 elements at displacement 4.2 mm.
The same conditions exist in Fig. 9b and c but for 416 elements
and 1601 elements, respectively. As the mesh is reﬁned, the width
of the shear band reduces. Also, the magnitude of the martensite
volume fraction at the center of the shear band increases when
the width of the band decreases. With the use of the simulations
conducted by the proposed non-local theory, Fig. 10a shows the
contour plot of the non-local total martensite volume fraction for
the simple tension test of the specimen with 196 elements at dis-
placement of 4.2 mm. The same conditions exist in Fig. 10b and c
but for 416 elements and 1601 elements, respectively. By adopting
the over-non-local enhancement, the numerical results are seen to
be objective, i.e., global responses are converged upon mesh reﬁne-
ment. Moreover, position of the martensite–austenite interface
domain, phase propagation front, and volume fraction are consis-
tent for different element sizes.
For the path illustrated in Fig. 11a, which is on a quarter of the
circular hole border, quantitative comparison of the predicted non-
local martensite volume fractions for four different discretizations
is depicted in Fig. 11b where an almost identical response is seen.
In addition, as demonstrated in Fig. 12 where the numerical
responses for the gradient enhanced version of the constitutive
model are plotted together for the three mesh sizes, the load-
deformation curves of the different meshes practically coincide.
In fact, since gradients of the non-local variable are included in
the present constitutive equations, the results are independent of
the underlying discretization.Fig. 12. Load–deﬂection diagrams of the SMA holed specimen for different meshes.5. Conclusions
A constitutive model for SMAs is formulated in a non-local gra-
dient-enhanced framework. By introducing the implicit gradient
model and the material length scale, the proposed model can sim-
ulate material instability of SMAs without mesh dependency in the
ﬁnite element solutions. The developed weak forms contain the
ﬁrst-order derivatives of the displacement ﬁeld and the non-local
variable ﬁeld. Hence, the discretization procedure of these ﬁelds
uses C0 continuous interpolation functions. Numerical simulation
shows that, by removing the softening constant in the proposed
model, the results are similar to those obtained by the Brinson
model. Three experimental isothermal responses of NiTi wires
are used to examine abilities of the present approach. The agree-
ment with experiments, in terms of capturing the basic trends such
as stress drop at the beginning of nucleation and stress plateau
during phase propagation, is reasonable. The proposed non-local
implicit theory can simulate strain softening, neck type deforma-
tion, and deviation of local strain during nucleation and phase front
propagation independent of the mesh density.Appendix A. Tangent operators
The tangent operators depend on the material behavior and on
the constitutive equations. As mentioned before by Eq. (22), in the
implementation of an implicit non-local model into an implicit
ﬁnite element code, it is unavoidable to determine four material
tangent operators. The linearized versions of the Eqs. (B.4)–(B.6)
are,
1þ 3GDp
re
 
dSþ 3GdDp
re
S 3GDp
r2e
Sdre ¼ dStr ðA:1Þ
dre þ 3GdDp ¼ drtre ðA:2Þ
df ¼ drtre  3GdDp
HdDp
eL
þ bwð~nÞd~n ðA:3Þ
As a result,
dDp ¼ dr
tr
e
3Gþ H=eL þ
bwð~nÞ
3Gþ H=eL d
~n ðA:4Þ
dre ¼ drtre 1
3G
3Gþ H=eL
 
 3Gbwð
~nÞ
3Gþ H=eL d
~n ðA:5Þ
Substitution of Eqs. A.2, A.4, A.5 into (A.1), after some manipula-
tions, leads to,
dS ¼ Q S
tr  Str
rtre rtre
þ RI4
 
: dStr þ ARdDp ðA:6Þ
in which,
A ¼  3Gbwð
~nÞ
3Gþ H=eL 1þ
3G
r2e
 
S
R ¼ re
rtre
Q ¼ 3
2
1
1þ 3GeL=H 
re
rtre
  ðA:7Þ
Also,
dStr ¼ 2G detr  1
3
I : etr
 
I
 
¼ 2G de 1
3
ðI : eÞI
 
ðA:8Þ
dr ¼ dSþ KðI : SÞI ðA:9Þ
Transformation state. Return mapping: 
find ξΔ   from (B.7) and (B.8) 
Increment i+1
Elastic state. Update 
variables 1i i+(.) = (.)
Elastic predictor. Calculate 
trial stress trσ  from (B.1) 
Increment i
Determine transformation function trf for
trial stress using Eqs. (10) and (11) 
trf ≥ 0 
Update variables: ξ and
1i +σ from (B.2) and (B.3)
NoYes
Fig. B.1. Flow chart of elastic predictor/return mapping algorithm for the proposed
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3
2
Str
rtre
: dStr ¼ 3
2
Str
rtre
: 2Gðde 1
3
ðI : eÞIÞ ¼ 3G S
tr
rtre
: de ðA:10Þ
where K is the bulk modulus. Hence, the following linearizations are
obtained after the substitution of (A.8) and (A.9) into (A.6) and
(A.10) into (A.4),
dr ¼ 2GQ S
tr  Str
rtre rtre
þ 2GRI4 þ K  2
3
GRI I
  	
: deþ ARd~n=eL ðA:11Þ
dDp ¼ eLdn ¼ 3G3Gþ H=eL
Str
rtre
: deþ bwð
~nÞ
3Gþ H=eL d
~n ðA:12Þ
Finally, the tangent operators are,
4Cuu ¼ 2GQ S
tr  Str
rtre rtre
þ 2GRI4 þ K  2
3
GRI I
 
ðA:13Þ
Cu~n ¼ AR=eL ðA:14Þ
C~nu ¼
3G
3Gþ H=eL
Str
rtre
ðA:15Þ
C~n~n ¼
bwð~nÞ
3Gþ H=eL ðA:16Þ
SMA model.Appendix B. Integration algorithm of the constitutive equations
The use of a suitable integration algorithm of the rate constitu-
tive equations is an essential requirement in the ﬁnite element
simulations. The return mapping schemes is chosen in order to
update stress and other state variables into ﬁnite element solu-
tions. It is assumed that the material obeys the Hookean relation
at iteration i + 1.
The elastic predictor is deﬁned as
rtr ¼ ri þ Ce : De ðB:1Þ
in which Ce is the elasticity modulus so,
riþ1 ¼ rtr  Ce : Det ¼ rtr  2GDpN ðB:2Þ
where Dp ¼ eLDn, G is the shear modulus, and
N ¼ @f
@r
¼ 3
2
S
re
ðB:3Þ
With the use of (B.2) and (B.3), after some calculations, one obtains
1þ 3GDp
re
 
S ¼ Str ðB:4Þ
Using the contracted tensor product of each side of Eq. (B.4) with
itself, one can consider
re þ 3GDp ¼ rtre ðB:5Þ
The yield function is evaluated with the following expression,
f ¼ rtre  3GDp rtðnÞ wð~nÞ ðB:6Þ
This is generally a non-linear equation for Dn which may be solved
using Newton’s method. The integration in iterative form can be
written as,
dDnk ¼ r
tr
e  3GDpk  rtðnkÞ wð~nÞ
3GeL þ H ðB:7Þ
Dnkþ1 ¼ Dnk þ dDnk ðB:8Þwhere H ¼ @r
@n. A summary of the above implementation algorithm is
illustrated in Fig. B.1.
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